The flow in a square duct is considered. Finite amplitude approximate travelling wave solutions, obtained using the self-sustaining-process approach introduced by Waleffe [Phys. Fluids 9, 883 (1997)], are obtained at low to moderate Reynolds number and used as initial conditions in direct numerical simulations. The ensuing dynamics is analysed in a suitably defined phase space. Only one among the travelling wave solutions found is capable to survive for long time, with the flow trajectory forming quasi-regular loops in phase space. Eventually, also this trajectory escapes along the manifold of a chaotic saddle and relaminarisation ensues.
I. INTRODUCTION
The transition from laminar flow to turbulence in canonical shear flows is still an unsolved matter in fluid mechanics and has for this reason attracted much research interest since the pioneering experimental work by Osborne Reynolds in 1880 on pipe flow. 1 Turbulence, albeit chaotic in nature, has a degree of regularity which makes it susceptible to analytical progress, as long as irregular flow behaviour at small space/time scales does not hide the organized patterns which emerge at larger scales. Current understanding is that whereas small scales of turbulent wall-bounded flows are universal and (almost) autonomous, the larger scales are organized mostly by a linear interaction process with the mean shear. Such a process has been modelled, for example, by rapid distorsion theory (RDT), which consists in the solution of the same initial value problem arising in small-perturbation stability analysis, for which only neutral eigenfunctions are available. RDT results in long streaky structures (Lee et al 2 ) , and this provides a connection to the so-called self-sustaining process (SSP) described by Waleffe 3 to identify large-scale coherent structures in wall-bounded flows.
Before describing recent research on non-linear, vortical flow solutions, it is appropriate to briefly report on the status of stability and transition in pipe flow. Laminar pipe flow, referred to as Hagen-Poiseuille flow from the independent work of Hagen and Poiseuille, 4, 5 is uniquely realised at low Reynolds numbers Re = Ud/ν (U is the streamwise mean velocity, d the pipe diameter and ν the kinematic viscosity) and has a well known steady parabolic solution. The laminar pipe profile is now believed to be linearly stable for all Re 
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The same scaling was found theoretically by Gavarini et al. 16 Current understanding is that for this flow geometry transition to turbulence originates from a subcritical instability which triggers perturbations of finite amplitude that, in turn, bring the flow out of the basin of attraction of the laminar state to a turbulent flow. This scenario might also be at play in the rectangular duct, a case which is linearly stable (Tatsumi & Yoshimura 17 and Theofilis et al 18 ) as long as the aspect ratio A of the duct remains below 3.5. By adding an internal heat source, Uhlmann & Nagata 19 found instabilities for A = 1. Galletti & Bottaro Current wisdom holds that the flow dynamics should be viewed as a time-dependent orbit in phase space among mutually repelling states (Jimenez 22 ). Recent evidence (Wedin, 23 Wedin & Kerswell, 24 Kerswell, 25 Faisst & Eckhardt, 26 Hof et al 27, 28 ) has shown that chaotic flows in each corner, symmetric about the diagonal. This work aims at finding approximate three-dimensional travelling wave solutions to the Navier-Stokes equations in a square duct using the self-sustaining approach mentioned above. These approximate finite-amplitude solutions will then serve as initial conditions for direct numerical simulations, to assess their robustness and characterise turbulence.
II. DEFINITIONS AND GOVERNING EQUATIONS
An analysis of an isothermal flow through a rectangular duct under the action of a constant applied pressure gradient in the streamwise direction is performed. The dimensional cartesian coordinates employed arex,ŷ, andẑ and define the streamwise, vertical and spanwise coordinate, respectively. The corresponding unit vectors are i, j and k according to 
with periodic boundary conditions inx and no-slip at the walls:
We non-dimensionalise the governing equations by using the following scales for length, time, velocity and pressure:b
U max is the maximum (centreline) laminar streamwise velocity of the flow set in motion by the constant applied pressure gradient dp/dx. Overbar defines the mean velocity over the
where L x defines the streamwise length of the duct and u represents the streamwise velocity component. The non-dimensional bulk velocity is defined as
The Reynolds number Re and the bulk Reynolds number Re b are defined as
The non-dimensional energy of the mean flow E U and the fluctuations E u ′ are defined as
with (u ′ , v ′ , w ′ ) fluctuations about the mean. All unknown functions are expanded in Chebyshev polynomial in the cross-section of the duct, hence one needs to map z according to
The non-dimensional governing equations are:
with no-slip conditions:
We impose a perturbation u ′ = (u ′ , v ′ , w ′ ) and p ′ on the laminar flow U(y, η) and p(x). The solution of the flow is thus decomposed into the form
p(x, y, η, t) = p 0 + dp dx
where p 0 is an integration constant. The governing equations for the perturbation are thus:
The disturbance is expressed as a travelling wave, i.e.:
where I = √ −1. We represent the unknown functions in the cross-section of the duct (y and η) by modified Chebyshev polynomials that are either even or odd and satisfy directly either the homogeneous Dirichlet or the homogeneous Dirichlet and Neumann boundary conditions. The homogeneous Dirichlet and Neumann boundary conditions (denoted by N below) are, starting with the even basis function:
The odd modified basis is
The even modified basis for the homogeneous Dirichlet boundary conditions (denoted by M below) is:
and the odd modified basis is
The even unconstrained basis function is:
and the odd basis function is:
where T is the classical Chebyshev polynomial. The collocation grid is defined by the Gauss-Lobatto points:
A. The Laminar Flow
The steady laminar flow velocity is u = U (y, η)i satisfying:
with no-slip conditions. The solution for U (y, η) is expressed in even modified basis functions as
Since we are using the dimensional laminar centreline velocityÛ max as the characteristic speed, we have U(0, 0) = 1. Hence, we need to apply the particular magnitude of dp/dx that produces U(0, 0) = 1. The corresponding pressure gradient is dp/dx = −3.393449/Re and the dimensionless bulk velocity is U b = 0.4770.
III. THE SELF-SUSTAINING PROCESS
The SSP introduced by Waleffe, 3 and applied successfully by Waleffe 31,51 and Wedin & Kerswell, 24 is at the heart of the present approach to find approximate solutions (or SSPsolutions) to the Navier-Stokes equations. The approximate solutions will subsequently serve as initial conditions in direct numerical simulations. Following the basic concept of Waleffe for the SSP, we decompose the flow components in (14) into three parts:
In short, the main step of the SSP is the exponential instability of a steady velocity field composed by the laminar flow and velocity streaks of O (1) 
A. The Streamwise Rolls
The equations governing the streamwise rolls are obtained by streamwise averaging the cross-flow components of equation (12). We represent the streamwise rolls by the streamfunction ψ(t, y, η) according to the following definition:
so that continuity is automatically satisfied. By taking i · ∇× of the streamwise averaged version of equation (12) we arrive at the governing equation for ψ:
Hereû corresponds to the waves and N (ψ) is the nonlinear terms of ψ. To reach a defining equation for the stream function we linearise with respect to ψ andû (assuming their amplitudes to be small). Further, by assuming the solution to behave as ψ =ψ(y, η)e λt/Re the following eigenvalue problem is found:
with boundary conditions
The functionψ is expanded in odd basis functions as:
Earlier studies have shown that 4-and 8-vortex structures are relevant in turbulent flows (Uhlmann et al, 47 Gavrilakis 46 ). By imposing the odd symmetry onψ(y, η) the two least stable modes will show the above mentioned vortex structures. In order to set an amplitude,
The arbitrary phase ofψ is fixed by normalising the function such that:
All eigenmodes of (28) are decaying, cf. table I. We will focus on the two least stable modes (n = 1 and n = 2) as initial structures of the stream function displayed in figure 2. Figure   3 shows the streamwise-averaged part of the successful SSP-solutions found at Re = 3000
and 5000 with an amplitude ||ψ n || = 0.002 and n = 1 (λ 1 = −32.052). The equation governing the unsteady streaks U(t, y, η) is obtained by streamwise averaging the streamwise component of equation (12), i.e.:
Then, omitting the quadratic term inû and considering steady streaksŨ(y, η), we arrive at:
The streaks are even in y and η and are expanded as:
with the boundary conditionsŨ
Equation (34) 
C. The Linear Instability Analysis
The linear stability of the steady basic flow composed by the laminar profile, the rolls and the streaks is studied next, and to obtain a non-growing solution we search for neutrally stable waves. The equations governing the waves (û,v,ŵ andp) are obtained by subtracting the equations that define the rolls and the streaks from eq. (12). Thus we have:
Neglecting the right-hand side of eq.(37) (assuming small amplitude for rollsŨ and waveŝ u) yields the governing equations for the linear waves. Since the basic flow is independent of x and t, the solution of (37)- (38) can be expressed as:
c.c stands for complex conjugate, α is the streamwise wavenumber of the instability and the eigenvalue c is given by c = c r + ic i , where αc i is the growth rate and αc r is the frequency of the wave. For αc i > 0 the solution grows with time. We reduce the system of equations in (37)- (38) 
where C corresponds to the time derivative ofû and D the remaining terms in the linear stability equations, functions with indices k and l are the test functions and W (y) and W (η)
are the weight functions associated with the classical Chebyshev polynomial, i.e:
The symmetries and the endpoint conditions of the test functions φ k (y) and φ l (η) vary as a function of the governing equation in question. In this circumstance the test functions in the v-momentum equals the expansions in y and η for v(y, η); for the w-momentum the test functions equals the expansions for w(y, η). The boundary conditions for the perturbations are:û are n = 1 and n = 2. The value Re = 3000 is close to the limit where marginal turbulence is observed. A truncation of (N y , N z ) = (20, 20) proved to be sufficient for the n = 1 case except at high α for Re = 7000, where a convergence of the eigenvalue and eigenfunction at neutral stability was obtained by using (N y , N z ) = (30, 30) . For the n = 2 case a (30, 30) truncation is required over the parameters studied. The search for the neutrally stable modes was terminated when |c i | < 1 · 10 −5 . Figure 4 shows the most unstable mode at Re = 3000, A = 1, ||ψ 1 || = 0.002 for symmetry I and the two waves (encircled at α = 0.282 and α = 1.5) leading to a 'good' SSP-solution (as it will be justified in the following section). 
D. The Feedback
The steady equation governing the feedback of the initial stream function is obtained by accounting for the nonlinear interaction of the waves on the rolls in eq. (27), thus producing re-energised rolls notedψ r . Linearising with respect toψ r yields:
In order to obtain an acceptable approximate solution to the Navier-Stokes equations we need to make sure that the forced or re-energisedψ r (y, η) is close to the initialψ found Good match is the hallmark of efficient feedback, although this still have to be verified independently. Figure 10 shows also a 'good' feedback using the solution of the linear waves α = 1.5 (see encircled point with c i = 0 in fig. 4 ). Similarly (not shown), we obtain another 'good' SSP solution for Re = 5000, α = 3.415. Over the parameter space covered no SSP-solutions were found for theψ 2 eigenmode of the initial stream function (corresponding to 8 vortices, 2 in each corner). Although this might seem disappointing at first sight, given the known features of coherent structures in a square duct, 46 recent evidence 47 shows that the 8-vortex pattern results from the superposition of 4-vortex states, provided that sufficiently long averaging periods are considered. Table III shows the properties of the SSP-solutions found. 
A. Definitions
By normalising variables with the half channel-heightb, the centreline velocityÛ max , time withb/Û max and pressure withρÛ 2 max , we arrive at the non-dimensional Navier-Stokes equations:
with Re =Û maxb /ν. We fix the pressure gradient in the duct to P x = −3.393449/Re, this value corresponds to a centreline velocity equal to one in the laminar case. In the streamwise direction the flow field is expanded in Fourier basis as:
The mean flow is represented by the n=0-mode and consists of the ideal laminar flow, the streaks and the rolls. The fluctuations correspond to the modes with n =0. An incompressible Navier-Stokes spectral numerical solver, based on Chebyshev collocation in y and η and Fourier transform along x, has been employed to solve these equations. symmetric about the bisectors and is maintained until t ≈ 500. After time t ≈ 1000 the flow is in a state which appears to be intermittently turbulent, as shown in figure 13 , with a mean skin friction value, averaged from t = 1000 to t = 4500, equal to 0.0424.
The time-development of the skin friction is shown in figure 14 . The secondary patterns at t = 900 and 2400 in figure 12 present two pairs of vortices in the cross-section; they are close to the two vertical and horizontal walls respectively which can thus be defined that the lower branch is on the separatrix between the basin of attraction of the laminar state and that of the turbulent state. Indeed, such a point is a saddle with low dimensional unstable manifolds, this point is shown in figure 15 with an empty circle, and it sits on the projection onto the chosen space of the separatrix between laminar flow and turbulence.
Thus, to trigger transition, it is necessary to perturb the laminar state in such a way that the perturbed flow approaches the lower branch solution (along a stable manifold) and then let the flow evolve to the turbulent state (along the unstable manifold). In this respect, By comparing the two frames in figure 15 and considering an initial condition composed of the weighted sum of both travelling wave solutions, the statement that the circle of figure 15 sits on the laminar/turbulent separatrix can be better appreciated. A simulation with this initial condition is, however, not feasible because we need to find a common period (streamwise length) for these two travelling waves, which is very large in our case.
V. CLOSING REMARKS
Three approximate solutions to the Navier-Stokes equations have been discovered in a square duct using the 'self-sustaining process' procedure proposed by Waleffe.
3 As initial conditions we used the least stable rolls solutions, corresponding to 4 vortices, and the second to least stable rolls (8 vortices) to produce streamwise streaks. However, using the 8-vortex state in the parametric study performed we were not able to identify a SSP-solution, which was found to correspond only to the 4-vortex state. By locating appropriate neutrally stable waves, obtained from the stability analysis of the streaky flow, and then by their quadratic interaction to reproduce the initial rolls, approximate nonlinear self-sustaining states were discovered. Three approximate solutions have been found only for the least stable rolls for α = 0.282 and α = 1.5 at Re = 3000 and for α = 3.415 at
Re =5000, for a well-defined symmetry of the linear waves. These solutions have been used as initial conditions in direct numerical simulations, showing either a monotonic decay to the laminar duct flow (α = 0.282) or a sustainment for either short (α = 3.415) or long times (α = 1.5).
The SSP-solution is a travelling wave formed by four vortices in the cross-section, symmetric about the bisectors, and appears to be situated in a space contained within the turbulent orbits in the chosen phase space representation. Similar solutions have been very recently observed in refs. 47 and 50. A nonlinear continuation approach is under way to discover the nonlinear 'exact coherent states'.
